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N L i qunction 1 defined by | . .
- ERROR FUNCTIO 1 s - - ,
10.14 LAPLACE TRANSFORM OF . %T erf;(‘sﬁ):l“erf(\ﬁ) . i
\1\ Example 29. Find L {L‘fff Ji } and hence prove that o | | |
35+ 8 L . e
, _ - (U.P. Il Semester, §y,, _ Ie dx
L{f.trflﬁ} E (.¥+4):”- Ny ) B Jn )
. 7 _1
Ji 2 2
2 -x° ﬁ =L{l-— |e™* .
Solution. We know that erf VI =7——‘ e dx NoWs L{E"fc( )} * fim {Sl.e dx
T o L
g B s 0
4 0 2 X X 2 ! . l
RE z_-f_+...]4r=—— T SOy R O
_7;— (I X 21 3! ' J;EL 3 10 42 % T LJ g SJs_-r[
B 1/2 512 712 1
= e T _ et WG+
T . S 5"']) ) (l+S s+l +
- _ e — ¥ |
= o g T S - | —
J- - 2 _E__- ; + 2 — : g Jr-_i.=._r Js'+1 J_
L{E’f "} = —; 312 3577 |0 712 g992 ssNS+l (Vs+1+1)
. | |
T 3T 53T 75310 1 s+ (s +1]
22 22|12 272722 272722)2 | ' I
= : 21!2' 512 " 12 42592 i E=\E \[;]' :
Jrls 3s 105 S s Llerfo (NT) |= f_m{ '—s+l+l} Ans.
| 11 131 1351
53;2 9 55_{2 2 4 S',-'J'z 2°4 6 S“HZ ]ﬂ/ﬁ UNIT STEP FUNCTION
__1_ ___I. l+_l.. 3 _l__l .§_ E_l_.:,.__,] | With the help of unit step functions, we can find !:he inv?rse
P 25 24 2465 _ transform of functions, which cannot be determined with previous y (t- a)
s 1[ 3 1Y 3Y § methods. -
1 | 1 l+[-5) 2] +[-E)[_5)[ 2) 1 The unit step function u(f — a) 1s defined as follows: i+ A;
ETr) N ey e ) | | ;
s s 2! s 3! 5 ; u(t-—ﬂ)= 0 whent <a s ': |
L ~ | 1 whent2za r—f—f
| 1
= 'l—[l"‘l] ? = 1 { * I = ] el Ty/LAPLACE TRANSFORM OF UNIT FUNCTION
sl s s Ls+1] s f(s+1) ' _ ) e ™
; Liu(t—a)l=—
I ] 2.
Now, L{erf (247)} = L{erf i) =1 - 2 ; e o)
2[5 Ve Proof. L[H(f"”)]:.{u il
4V4 "t "E-sl']n
i < l . ' J\QHJ] T 0dl + Ime'“.ldr=0+ ey
2t} = —— b ., | 3 21, 2 % J) - h- A . =1 € - L‘-S Ja
L{r.erf( \/-)] ds\/33+452 [ ZJ[S +4s ] (33 +3.s) 1 \ }Mj] ] ] In e
| o edni '
_ 3s% +8s s(3s+3) 3548 , " Prov

(53 +452)m 33 (.'4:+4)3"2 - 32!5-{-4)3“2
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Lu(r-a)l=—5"
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ey W 33. Express the followin .
in terms of unit step functions ang find ; HI gml’l" g function in _ 337
\/umple 30. Express the following Sfunction its [, n £S5 el 1. €rms of uniy Step finction -
transform: i f(t)= <2
8 1<2 | 3=, 2<t<3
4 (f ) = 6. 122 1 i/ f"d jts Laplace transform.
(8+0, <2 s f = {"" L l<r<? (U.P; Il Semester, 2009)
- n.
Solution. f(')"hg,._g 122, - .‘ Sﬁl““ﬂ 3-1¢, 2{;{3
0, <2 = (1' l) u(t~1
=E+{-‘? 122 ( iy A B-ule-2)-ug- (¢-3)]
- | = {t-Du(r-1
,,)-{'1 (<2 e =1) (= 1yu(s - ~2)+(3=1)u(t-2) + (1~ 3)u(r-3)
= 8+(—-2 = (- —
( I., t 2 2 - ( I)H(I l)-z(]' —2)1‘(!_2)""‘(? -r3)1l(r"'3)
=g ¥ - =15 Yy
=3-?_u(f—2) , ¢ Ln-2e L(f)—ElL(i’)
| 8 e | - . [L[f (t-a).u(t-a))=e™F (ﬂ]
L () =8L()-2Lul-2) = 3-20 4 el ' LYo = e e
2 2
\}4}1& 31. Draw the graph of u(t — a) —u (1 - b). = 6 b&ﬁ 5 ) 5 Ans.

Solution. As in Art 10.15 the graph of u(t—a) is a straigh
line parallel to r-axis from A to «.

gxample 34. Find L{F(1)}if

Similarly, the graph of u(1—b) is a straight line parallel to t-axis

F(t) = ¢ -
from B 10w . 0 . pe=
_ | ' 3 _ aft -2
Hence, the graph of u(r — a) — u(r—b) is AB. | A b ] Stk _,%) u( 3)
o y
10.J8 SECOND SHIFTING THEOREM | soution. LF@y = € 2 Lising [ a=_3.]
If L[f(fﬂ = F(s). then L[f("‘")*"(’"")] =e"F(s) | — i B zl : (Using second shifting property) Ans.
- s° +
" —a). ult - = Ie“"'_' f(t-a ult-a)ldr ; [ N
Proof. LI/ (1-a).u¢-a)) = [y ¢ [/ 1-a)ult=a)] 119 yonm LIS (f) (t-a)l = e L] f(r+a)]
= ”e'"f Odi+ [ e M f(t-a)() d-' © _g
Jye S Um0+ ], e S le-a)) b oboot LUl = [P [ 0al-a)a
a S TR [ [f(n)uli-a)ds [T {r0)t-a)]d
; o 0
[ ), where u=i-5 | —os [0
=e" Iu e f(u)du=e"F(s) - lTr"“d'- - _ I”E*I{.F*ﬂ).f(}wa]d}’
Example 32. Express the following function in !ern;.'s of unit step function and find it5 i | ’ . (—a=y)
Laplace transform: | o] | _ L e f(y+a)dy (
E, <t<b,~ | ' ® _ o8 Proved.
f(:):{o :]::-b{ / ut{:"p B .' - e f(i+a)di=e”Lif ()]
3 _& - * . {1 . ] 3 -
f(1)=E {]’ a<t<b = E YU-& ) + - f (51] i’ Example 35, Find the Laplace transform of £ (=)
RRINCIg. “lo, 2 [t e-a.ue=a= TR Suugon, 2 u(t-3)=|(t- ) r6(1-3)+9Julr 3
C —as =bhs : ) .I 5 ~3)+9u "'3)
| " . ,

e o T
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el =IOl

Litu(r-3)) = LIr-3
=35 __g_ +__|_6__+?-j'
= & & 2
! N ;
NP By 5
Aliter. L[rzu(r-B) = £ L(’+3) - s Ang

here
Find the Laplace iransform of € 2y (1) whe

Example 36.
m J<T
Uy (1) = I, 1>m
0; 1<m
Solution. u,(f) = ; 7>nm
Hu (f) = u (I . T[) E-—'f[.i
Llu )=Lu@-m] ==
—11:(.1+2}

[ =ty (I)] Ty, Al;,i

Example 37. Express the following function in terms of unit step function and find its Lapfm |

0, O0<r<l |
transform f(t)=4t-1, I<t<2 (U.P. Il Semester, Summer 200) |
L 2<t
Solution. The above function shown in the figure is expressed in algebraic form
0, 0<r<l f()
f()=<t-1, l<i<2 ...'(])
s 2<t

f(0)=(e=1)[u(t-1)-u(r-2)]+u(r-2)
= (r=Du(r=1)-u(t=2){t=1-1} = (r=Du(r-1) - (r -2)u(t - 2)
Lf(¢) = L(r=1)u(t-1)-L(r-2)u(r-2)

€ e | |
“.

Example 38. Represent f{t) = sin 21, 21 < 1 < 4z and f{t) = 0 otherwise, in terms of unit 54
Junction and then find its Laplace transform.

y siIn2t, 2n<t<4n
Solution. f(1)= {0 othgd

/() =sin2t[u(t~2n)-u(r - 4r))]
LLA(1) = L{sin2t.u(t—2m)]- [ [sin 2 u(t-4n)]
= ¢™2®[ sin 2(t+2m) - g tms p i 2(r+41t)
= ¢ ™ Lsin2r—g~ine; sin (2¢)

. 'F +d the Laplace transform of the following:
]

form
. 1ran® 339
w’u E—Em 2 " E—le 2
- s*+4 5?44
_ (E-Zm _E+4m) 22
§-+4 Ans.

39, A ﬁmcﬁﬂn f (1) obeys the equation f (1) + 2 r _
; S(1) dt = cosh 2t

Elﬂmple
rm of [ (1).
me! the Laplace transform of f (1) (U.P. I Semester Summer 2006)
ution- We have, f(-") i I S(t) dr = cosh 2
S0
Tﬂkiﬂg Lﬂplﬂce transformation of both the SIdES, we get
I
t)dt =L (cosh 2¢ F ! B
(70} + 2L Jpf@di=Lleosh2) - F(s)+2.2F(s) v g
2 )
= b= ] S+2 1 s
A F(S){ 5} o 4 = F(s){ s }_52_4
s 5 57
F(s)= ( J = F(s)= Ans.
| (5 (52 -.4] s+2 (52—4)(.s+2)

EXERCISE 10.4

p=1 <t< 2 E E-l‘.i E*IJ
L /()= { 0, otherwise el S iy
. E‘{.E—I)
g ‘L /u(l’—'l) \ Ans. s—1
7 i_eﬂ | | s=2 1 s
'J, fu (t)+cosht. Ans. | +—+
®T+ u (t)+ cosht.cost e
-2s
! llu(l--Z) Ans. E—s"a—'("ﬁ' +4s5+ 2)
. —41
Ssintu (1 4). Ans. —— [cos4 + ssin4]
5
{ " f( : i _ K -25'—(54'])1'-35]
: '-)=K(f—2)[u(r-—2)-u(f—3)] Ans. ;-2-[&'
KT[T -2sT =3sT
S "
@f(’) =K Iﬂm’[u(f 2T)—u(t—3T)] Ans. 272 4 2 (E £ )

35 the fﬂllnwing in terms of unit step functions and obtain Laplace transforms. :
I-(2s+1)e™*

"f(r] {f- 0<r<2 Ans. u(t)-u(r- -2), 2
0, 2<¢ -
— x5 =15 M"l'l
A, f{,]={31nr, O<t<n AnS. ]+: +E (2 )
: r: f}ﬂ o +l ' .
4 O<t <l -5 -3s
l" o < 4-6e " +7e
(l)._ __2’ @l(f“::; Ans. F

5, >3
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! L;P“':QT d=2a=T BN
340 ) Introduction to Engineering M&lham 1 Gl gtion: Perio fﬂ — e % 1
iy _ ola ace transform o perludm function 1 tf(t) | | L
10:20/i='ERIODIC FUNCTIONS . k S ]' Y : 1
\/ //Let £ () be a periodic function with peritel £ 10 { L {f )= 2 A/\/\ ' -
1 o
T st | f 1 . O o 25 A : > t L
£ f(f)d’ i ] -5 a
L[f (‘)] = L -sT i = Ly —e i E e " f(d ,_
1—-e | Put“ng the values ﬂff(f) we get

| _u h | ' ——
proot. L[7(1)]= [ st = [y /04 [ et e sgg, | LU@- l—e"z‘"“ﬂ g [Tt -0a| -
Substituting ¢ = u + T in second integral and ¢t = u + 2 T in third integral, and s on, _ . i h( l_., } {Ieh“ -1 e }" {(2 ) - o 2a] -
, s{usa) BRIy | ey B (Gl S S
LLF ()] = I e f r)dr+] = +T)f(u+T)du+j J(u+2T)du+ . h( | )={ - (-5) (~5) (-5) -
] ae E*—In l -1“‘ _1{"-
-25 - = s g ""“"0 — - E -
- femstane femstahne™ [ s * ) (ERT A N |
[f(u) =f(u+T)=f(u+2T)= f(u+3]r-)= ] —[(Za—a)e_m . e": ]}
_ el - s . —
T K - . ={IN -(Ir 2as o . - i .
- L’E"‘f(r)dr +eT L e f(1)dt+e*7 fe 'f(1)dt+... | _ h-zm _ae” e o1 +_¢'_2__+ue e : N
" a(l-e?™)| s & & 2 5 ¢ |
- | h 1 . t N
= [1+e T+ 4 + tr(e [1+'r:--+e::-'2 +d+.=1| | i { 1-2™ 472
[ | ]I f( ) l"'ﬂ a(l_e—lm) SZ( € te ) -
) h(1—e™™ ) Bl 1-e™ ‘.
/_ l-:-e_"r .L € f(r df Provet | T as (I+e'"‘}(l ~a% T a s (l+g ) Ans. | | 2
Example/ﬂﬂ Find the Laplace transform of the waveform | [“1/4'[' e’d42. Draw the graph of the per 'ﬂd’ﬂ Junction P
Xl / 2 . { O<ti<m
S f(.;): .._I. 0<trs3 f(!)= ‘ =
3) | | ﬁ M-I, R<I<2X r
] f and find its Laplace transform. (U.P. Second Semester, 2003) T
Solution. L[f(f)] = l_E_;T ‘[]Te ﬂf([)df | - Solution. P'El'iﬂd =2n=T - -
| : | Laplace transform of Periodic functions : o
- 13 e -
: - £t 1] I} _\ liI
L[-zi]= 1"33 EE-H [Er)dr= 1-35_2- L_(I)EZ_ . - I Sy . .
3 ]-e 3 | Y 3_ -5 " 1o _ L{f(f)}: ! E"‘T .
' "y =35 - _-} s A | ’
= 2_1 3¢~ _i.{-_l—. =2. ...__-—l —3£-+-1':%"i | = — 1 Ih E-uf(i')df
31-e| s & 2| 31-e¥| s SR - |- 2w J0
- 2E—3s . 2 s | B 1 f.ﬂ'-” y :
_5(1 _ E_SI) 332 . ,I | — l #8-11!.‘ —s ——-—-(_s)l
Example 41. Dr;::w the graph and find the Laplace transform of the following functio” ]
period 2a: | | R
' — R i P n.e __E____ -0+
. ~2nx 2
’ 2 O<t<a | S (~)
f(f)= ; _ Zﬂm ' - EP— .
h (a-1), a<t<2qg (Untarakhand, 11 .SJémesren GBIV i =,-_.l._1 _I‘ij__.f__.+.-l-+rt-—--+
- \a ’ ! | o e-—lm L ¢ 52 51
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4. Find the Laplace Tr Ans
ample 4 ansform of the Perioy; |
EX f(’) ] jci » f the Periodic Junction (saw 100th wave )

T r {f{T, f(f'i-T):f(.t)

' =T I"E ?df
l - I -2 T € i . -
= ] 3 ...E 457 +£E-1m + I ke, " P ke 2 I k 7 -xf - k e M -~ Y
l_e_zru. 5 P SI SI : s" A _— —_\T T 0 ¢ -fdl' — l E——-—df )
|—e ' T ™ t?) _s o Integrating by parts
I l _me'ﬂ-\ (I _ e—ﬂ.\ )+(I —E—m‘ )1 2 40
[ -2as - N -2ns =T = : 3 - -
| - 2" [s(e £ ) 52( ) 53(| +e° % )(l__e-n.r) - K te " e _ k Te™ o
= - —sT 2 =T = ——— e —
T(l—e T)_ s, T(]-—e"“?) -5 5?2 +52
_ —mse " +l-e™ - _ -
Al+e™ An k[T 0
sAl+e ) S, _ _ + (I_E-ﬂ)
. ' T l_ -J? ) -5 52
Ex 43. Find the Laplace transform of the function (Half wave rectifier) - -
2 -5l
. n .
sinofr for O<t<— = — - ; +—k? Ans.
f(t)=" = | s(l—ehﬂ) Ts
1 2% (U.F. Il Semester, 2010, Summer 200
0 for - <1< — Example 45. Obtain Laplace transform of rectangular wave given by
I T s f (0
Solution. L[f(r)] o L e f(1)dt ‘
- " " . -—-E
: — ' f(r) is a periodic function ——
5
= 2rs Iu € f(f)df T = 2n :
l—E‘—“_’q _E‘ —: — |
: o ]
I e g . n/e _, | !
= _2_:5-1[-[0 e smu‘{rdr+ e € xﬂxcﬂ] fit)=—A
|—-e © e G &
l ; | Solution. We know that Laplace transform of 2 periodic function ie.,
n/ow
-5t s 7 |
| e P e i e e ()
* Se Ty 2¢ " Adt+ |re (-4
R |-e @ ‘ I e " f(1)dt In J—f (-4)
| beosts) i —
. asin bx —bcosox - % —sT |-e
Ie“'smbxdr=em( = e
) LS Al e a +b° . J . o : TER ! o~
] e”” (~ssinor-o cosmr)-”m | e ' E:fr_ Eonfien- L ST
L[f(f)] - 2xs -2 ) : = A ) MRS e A
-— 54+ i 1 0 - e A € L e e —
]—-e o & Jo | : A. L= 1 e s s
| - | - = -sT e T § §
g = _ll'{- . E s |—-e |—-e
X, Ol+e © ©l+e © : )8
_ | we ® +@ 4 . " Fedfrisk:
EEI Tl T e 7 YA A g i
- | (s* +0?)1 | trony|ices |[14e® - ———=172¢ T (- )
d e "+0%) 1-e : s(l—E' )L ) b
= s \ J N\

il

=
Pk " " 0w ®
[ I | [ |

T

L=
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Cs he Laplace trans ,
5 2y | t’p Shﬂw that | P k form of 7 (1) is given by | 345
i 2 st
Al1-¢ ? I-e | L[f(-’)]=—tanh(f'£
A / ; 3 2
- - - : = T
= s S s -— T S@)=k{uy(1)~2
sl1+e?2 [[1-¢€ ° [HE ; Solution [ o) u"(r)+2”2u(")"21:3.;,(-')+...]
! f(:)=k[u(r—0)._2u“_a)+2
oy Jf-[f(f‘)]'=f'f[Lu(f--{})_h2‘,_M(tr M -20) - 2u (1= 3a) + ......)
(0w e O 2LuG-20)-2Lu (e -3a) + ....]
A T _ ) 4 — k _-fo_-—_ E" ax .E"‘]ﬂ" -
- . . =-4tanh£ ) 5 %2 S“z--—-+...
B d sT T S 4 Al’l&. ) k" M -
2 4 K = —|]|=2e™™ | -2as iz
kE‘ +e ) | .s[] 2" +2¢ 9e-das ]
Example 46. Draw rhe graph of the following periodic function and find its Laplace ransfo,, kr 1= 2(e" 5 : | This is G.P.|
. =—|1-2(e L‘—E-m-l- 3as
£(1)- {r forO<t<a (U.P. Il Semester, Summy, p 00y st )] Sum = 2
- r i a2 B |
| 2a-1 fnr.ﬂ-ﬂf?ﬂ $1(t) Sk € | k[1eem gpe
Solution. The given function is periodic with period 2a. .o S| 1+e% | s |+
| 2a Sy ) - i
. A VA VAN R
/)] |- ’[“ ) c & = 8 ! _k{1-e" | kle?-e?2 | k¥ a5
]  ra ,.”d ZHf(f)E_'“df] - s 1+E-m =; as _as =;tﬂ.ﬂh-i— Ans.
) | -2 _In f(r)E r+ Ia | * ] ) ..Ez +e .
- LT[+ [*(2a-1) e““dt] - - EXERCISE 10.5
|- 70 g ' ‘1. Find the Laplace transform of the periodic function
¥, . i a L s 1 2a : ! for0<t<2 Ans EZ(I-::]:: -1
-£ -5 s =S5 tl=e 10rU<i<:cm .
- +{(2a—r)‘" ol fome -
—p -5 (- -5 (- : _
e - (=) 70 ir) = 2. Obtain Laplace transform of full wave rectified sine wave given by
§ g ; ® s :
! g™ e* 1 e* g™ &~ f{t)=sinet,  0<r< Ans. —s—ycoth—=
S| s 2 "'52"' 2 - R W (“ H“)
: o : b @Find the Laplace transform of the staircase function
_ _ 1 ] " E—Em : y e ' ) | . ke
| — o2 _52 52 §2 | - | f()=kn, np<t<(n+1)p, n=0,1,2,3 Ans. s(]_e-—ps)
1 1 | Find Lap} f the following: °
-2 -Iu:_(l +e —Ze‘"") PR tmn?rﬂrm ° ; 2 —dse™ ~ 4527
2 , - ’ (I-E ) . | | - 4 f()=0%, 0<t<2, f(1+2)=S(1) CLA ,3(1_5‘25) ;
=das 2 - — ]
1 (]_E ) _ 1 p=e™® ' L o0<r <l [ " as i
s’ (l +e ‘”)(l —e'“‘) s 1+e™® 8, /()= ‘ - 2 (U.P. 1l Semester, 2004) Ans. ;lﬂl‘lh'-'
[ as as | . _l* E St <a
l E? _E‘T l as | - T - : )
=5t & @ - ;i-tanh? Ans.’ COsS W, Dcr-c-u; XS, 5 -
et & 7= - om_, 2n (2+m2)[' ET]
W ) - ] " A -t 5 = 3
Example 47. A periodic square wave function f{1), in terms of unit step functions, is written ® ..0'- o I t _ '

S (1) = k[ ug (1)~ 2u, (1) + 2uy, (£) - 21, (0+..]




(. O<t<l
(1+2)

0. I<t<?2
-2—5 Osrsz-
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| —e " (s+1)
Ans. —______52 (I - e'z"‘)

Ans. —2—tanh3F-— 1

Ts? 4 sT
sle? +1|
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ansform :
e " 351
L EXERCISE 107 |
aluate the following by using Laplace Transform:
e A eant dt 8 ne 2 .
e st Ans, = _ e “ sinhtsiny 1
I fﬂ' 289 & Iﬂ y dl Ans. -;-tan IE
mSinzrdr 5 ne! _ 4
— Ans, i— e
) Iﬂ !2 | ns I2 4. Iﬂ ; di Ans. log 4
24 FoRMULATION OF LAPLACE TRANSFORM
1 ?
/ S.No. @ Fs)
/ l' | : Eﬂl l
s—a
- 1
2- {' nr:ll or fﬂ
- )
; a ,
3. | sin at | Fud il
s
4. cos at I |
. a
5. | sinh ar | B
)
6. cosh at 2= 2
g
7. | u (1 - a) .
1 ‘ t A -
8. - S (1-a) e
a - =
bt _: Z 2
9 e sin al (S—b) +a
s—b | k -
10 ™ cos at (s—b)z +a’
TR s =
[ . 2 2 2 )
" | -2——5mar - (s +a) L
* : a ; 1
2 g | - -
| os at (52 +|=:‘.'2)2 I
lC _
12. : .
ﬁ ) \ :
2 2Y :
13. 2&3 > .
. s
: 2 5
_L(sm at +ai cos al) (“"2 *’“2)
! : | 14. | 23
N\_____ e

-——_“ f_-.
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 10.25 PROPERTIES OF LA

PLACE TRANSFORM

introduction to Engineering Mﬂthgma“c
- 3

'-.."

——

F (s)
S.No. Property J \
I S \
) a F[EJ' e
1. Scaling Aat d \
Ef_._(.{l SF(S)"‘f(O)m §>(
dt
d*J () 2 F(s) -5/ (0) -/ (0
2. Derivative el s F) - /7 () 520
4O | ) - 0 =5S O =17 ), 554
dr
L F(s) -
' ' —F(s
3 Integral jﬂ f(r)dr p , §>0
2 | SETREE
- Im sF
4, Initial Value !E'a AQ S D sF(s)
. lim sF =
5. Final Value ;]LT: J{@) bl ()
6. First shifting /@) | F (s + a) N
1. Second shifting f(Ou(-a e’Lf(t+a) ~
d
8. Multiplication by ¢ 740 _E;F (s)
n dﬂ
9, Multiplication by " (" f(r) (-1 o F(s)
I =
10. Division by 7 il | F(s) ds
/ -5
[, e s
11. Periodic function /() U+ D=1
I 2 E—.ﬂ .
12, Convolution fO*g@® F (5) G (5)




